INTRODUCTION
The analysis of acoustic wave radiation and scattering for medical diagnostics requires a flexible analysis tool capable of representing single and multiple scatterers of complex shape whose properties are characterized both by velocity and density variations as well as frequencydependent attenuation mechanisms. 1-3 As a result, over the past decades many computer-based, numerical formulations have been developed in an effort to extend the inflexible analytical scattering solutions developed mainly for canonical problems to more complex and therefore more realistic modeling configurations both in the time and frequency domains. 4'5 Although progress in biomedical computer simulations is rapidly evolving, the ultimate goal of formulating and implementing a realistic practical model of ultrasonic wave propagation in a human patient appears to be a far distant goal.
Among the many integral and differential formulations the boundary element method (BEM)6-9 has enjoyed the most attention, primarily due to its computational efficiency. One advantage of BEM is that the solution space is one dimension lower than those of the geometry and it takes into account complicated interface contours between the acoustic background medium and the scattering objects. In addition, if the spatial discretization domain becomes large, the Green's function-based integral kernels implicitly assure that the Sommerfeld radiation condition is satisfied. Although BEM can solve multi-scatterer configurations, 1ø it does require piecewise homogeneous media, which limits its applicability to solving inhomogeneous problems.
On the other hand, differential formulations based on the finite element method (FEM) have proven to be more versatile in terms of accounting for density variations, even within the scattering centers, as well as modeling anisotropic and absorption phenomena. However, they suffer from the inability to deal with open field scattering problems because they do not implicitly impose the radiation boundary condition. As a result, several approaches have been proposed that couple FEM with analytical far-field expansions or directly attempt to combine FEM with BEM. The intention of these formulations is to apply the more flexible FEM to represent the scattering object up to an artificial, well-behaved boundary sufficiently removed from the interaction process such that BEM or some form of an analytical far-field expansion can be interfaced to it. As an alternative, this paper discusses a FEM model based on a Galerkin weighted residual approach. In particular, an absorbing boundary condition (ABC) operator is employed that explicitly accounts for the open field problem by mapping the Sommerfeld radiation condition from the far-field to the near-field domain. The model solves the acoustic Helmholtz equation in its general form, i.e., including density as well as sound velocity variations of single and multiple penetrable cylindrical scatterers of arbitrary cross sections. It is shown that the ABC operator method for lower-order operators is easy to incorporate into our FEM formulation, and yields accurate results without compromising the sparsity of the finite element matrix that is important for the computational efficiency of the proposed method. The total field can be represented by the superposition of the incident field Pi(r) and the scattered field Ps(r): P(r)=Pi(r) +Ps(r).
The boundary conditions associated with ( 1 ) are: (i) pressure continuity on the surfaces of the scatterers: 
Thus the scattered field can be directly solved by knowing the incident wave.
Since ( •lo 1 8Ps
where [ (k,j)] denotes a matrix with elements at row k and column j and { (j)} denotes a vector with elements (j). Because of the boundary conditions on l] as seen in (3) and ( In order to ensure a unique solution, the contour integration of Ps over l o is decided in terms of the Sommerfeld radiation condition (5).
B. Absorbing boundary condition
We intend to solve (7) by the finite element method subject to the Sommerfeld radiation condition at infinity. Since the numerical method is inherently limited to a finite region, some approach must be found to closely approximate the open field nature of the problem. To address this, an artificial outer boundary (l o) is adopted and an absorbing boundary condition (ABC) is applied to this contour such that the scattered wave appears only outgoing through the boundary and artificial reflections due to the 
In particular, for outgoing waves the Green's function is simply a first kind Hankel function of order zero: 2• G ( r' l ro ) = j Ho1( ko l r' -ro l ).
As r= I r'--rol -• oo, the limit of this function can be writ- 
Bm=O /.2rn+l+l/2 ß However, the higher-order (rn > 2) boundary operators are not recommended for numerical implementation since they tend to spoil the sparsity of the finite element matrix. 2ø
For our problem, the second-order ABC boundary operator method is applied. The radiation condition (5) 
D. Error analysis of the absorbing boundary operators
Evaluating the performance of the ABC approximation is important for subsequent practical applications.
Bayliss 18 derived an estimation for the error caused by the second-order BGT on the surface of a homogeneous spherical scatterer. Mittra 2ø later compared the coefficients of the harmonic expansion of the exact solution of a cylindrical scatterer with those from the second-order boundary operator approximation, and found qualitatively that there was a poor match between higher-order components. The consequences of this error are in-coming harmonics that affect the accuracy of the solution.
Here we wish to establish an error model that can be used to estimate the error in the finite element model introduced by the BGT boundary. operator approximation to the radiation boundary condition at infinity. We assume that the mesh of the finite element model is fine enough such that if the boundary condition on 10 is specified exactly, the solution of the finite element model [Eq. (12) Fig. 6(b) 0.04 3.057 inhomogeneous scatterer Fig. 6(c) 0.04 3.057 inhomogeneous scatterer Fig. 7 (a) 0.04 3.057 multi-scattering configuration Fig. 7 (b are surface integration matrices on the artificial boundary l 0 and I denotes the identity matrix. This in turn can be substituted into the FEM model (11 ) (ii) AC operates only on the artificial boundary 10. Therefore only those (P•} located on 10 can generate these errors (this is sensible since we are looking for errors introduced by the approximate boundary condition).
(iii) The stronger the scattered field, the larger the error due to the localized approximation. tions reported in this paper are summarized in Table I . In Fig. 3 (a) and (b) , the analytical solution of the cylindrical scattering field and the corresponding result from the numerical algorithm are provided for fixed radii R = 1.66A 0 [ Fig. 3(a) ] and R=l.95A 0 [ Fig. 3(b) ] of the external boundary.
The influence of various radii of the external boundary on the accuracy of the numerical solution is shown in Fig.  4(a)-(f) ]. As expected, for a large radius the agreement with the analytical result is excellent both in phase and magnitude. It is interesting to note that a deterioration in the field predictions for smaller radii are most notable in the phase. Figure 5 (a)-(f) illustrate the sensitivity of the numerical method at different frequencies when the artificial boundary is fixed. As the radius of the external boundary is reduced or the frequency of the incident wave is decreased, the influence of the artificial reflection error on the simulated field is increased, especially on the phase of the scattered pressure.
Figures 6 and 7 demonstrate the flexibility of this numerical method to conveniently handle inhomogeneous scatterers and multi-scattering configurations. Figure  6 (a)-(c) are the equi-contour plots of an inhomogeneous cylindrical scatterer. The distribution of both the relative sound speed and relative density as a function of radius r are described in Fig. 8 (a)-(c), respectively. Figure 7 (a) and (b) are the equi-contour plots of a multi-scattering configuration for the same angle of illumination but different material parameters and geometric arrangement.
